Abstract-We examine two spurious numerical artifacts of the complex envelope (CE) alternating-direction-implicit finite-difference time-domain (ADI-FDTD) method, viz. spurious charges and anomalous wave propagation (modes with positive phase velocity and negative group velocity). These artifacts are also present in the conventional ADI-FDTD; however, the spurious charges in CE-ADI-FDTD have a fundamental distinction from those of ADI-FDTD: they are static in ADI-FDTD and implicitly time-harmonic in CE-ADI-FDTD. Spurious charges are particularly detrimental to CE-ADI-FDTD simulations because they produce secondary radiation. We also show that spurious charges can be reduced by a fixed-point iterative correction in CE-ADI-FDTD.
modes with positive phase velocities) [10] . We note that other perturbations of the Crank-Nicolson FDTD scheme are also of interest for the development of efficient unconditionally stable methods [11] .
The complex envelope (CE) ADI-FDTD method is an alternative unconditionally stable method with better numerical dispersion properties than conventional ADI-FDTD for narrowband problems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In CE-ADI-FDTD, the maximum numerical dispersion error is determined by the fractional bandwidth rather than by the highest frequency of excitation. The carrier frequency information is incorporated analytically by means of modified field update equations in terms of the slowlyvarying complex field envelopes. Previous studies on the numerical dispersion of CE-ADI-FDTD have determined that the (numerical) phase velocity error increases as either the envelope frequency or the time step are increased [13] , [14] , [16] , [17] .
In this paper, we examine in detail other spurious numerical artifacts present in CE-ADI-FDTD, viz. spurious charges and anomalous-wave propagation. We contrast the ensuing properties of the numerical solutions versus those of FDTD and ADI-FDTD. In particular, we address the fact that spurious charges in CE-ADI-FDTD have a fundamental difference from those of ADI-FDTD: they are static in the latter but implicitly timeharmonic in the former. These spurious charges are particularly detrimental to CE-ADI-FDTD simulations because they produce secondary radiation. We also show how the spurious charges in CE-ADI-FDTD can be mitigated by a fixed-point iterative correction.
II. NUMERICAL DISPERSION RELATION
The investigation of numerical artifacts in CE-ADI-FDTD is based on the dispersion relation. This follows the general approach employed in [10] for conventional ADI-FDTD. We briefly review that approach to fix the notation and contrast it with the CE case considered in sequence.
A. ADI-FDTD
Three-dimensional (3-D) Maxwell's curl equations for source-free, linear isotropic homogeneous media with no losses can be written as (1) where and 
where is the discrete field on the grid point at time step , and is the discrete operator corresponding to . We use calligraphic characters for fields and operators in the continuum and non-calligraphic characters for their discrete counterparts.
The ADI-FDTD formulation proceeds by factoring (3) (in an approximate fashion) into two sub-steps
where is the identity matrix and with
where is the central difference operator corresponding to , . Combining (4) and (5), we can write one full time-step of the ADI-FDTD update as (8) In order to derive the dispersion relation, let us express the numerical field vector in terms of plane waves j j
where are real wavenumber components, is the complex frequency, and . The above is a discrete analogue of j j
. Plugging (9) into (8), we have (10) with Note that is the modified version of with replaced by , and similarly for . Here, is the numerical wavenumber related to the real wavenumber as follows (11) We note that is equivalent to the cross product of the numerical wavenumber vector multiplied by , i.e.,
with . After some manipulations, we can simplify (10) to (13) with It is obvious that a non-trivial solution of (13) exists if (14) where is an eigenvalue of . It turns out that (15) with Combining (14) and (15), we have the dispersion relation of ADI-FDTD [10] (16)
B. CE-ADI-FDTD
To construct the CE version of Maxwell's curl equations, we write j , where represents a carrier frequency.
Note that indicates actual components and indicates the CE components. Hereafter, tilde characters indicate the CE fields. We write modified Maxwell's curl equations in terms of the CE components as (17) with and . Using the Crank-Nicolson scheme, we can write the CE version of Crank-Nicolson FDTD update equations as follows: (18) Following the ADI approach [22] , we obtain one full time-step of the CE-ADI-FDTD update as (19) where , , and . For actual implementations, the two-step of the CE-ADI-FDTD update is obtained by employing the Peaceman-Rachford approach [22] (20) (21) Comparing (8) and (19), we notice that the CE-ADI-FDTD formulation can be constructed similarly from the ADI-FDTD formulation by employing the modified complex matrices and . In order to obtain the dispersion relation of CE-ADI-FDTD, we express the numerical CE field vector in terms of plane waves j j (22) where are real wavenumber components for the actual time-domain field and is the complex envelope frequency. Substituting (22) into (19), we obtain (23) with . We note that , , and . We can find out the dispersion relation of CE-ADI-FDTD by determining an eigenvalue of (24) The above dispersion relation can be solved numerically and recovers to the dispersion relation of ADI-FDTD (16) by setting .
III. SPURIOUS CHARGES
We next consider the homogeneous system (23) by taking into account (24) (25) We can rewrite the above as Similar to ADI-FDTD, the orthogonality between the electric and magnetic field vectors does not hold in CE-ADI-FDTD. Applying to (28), we can reveal the non-divergence free nature (spurious charges) in CE-ADI-FDTD (30) It is clear that both the non-orthogonality (between the CE electric field and the CE magnetic field) and the non-divergence free behavior of the CE field are consequence of the splitting error. This will be illustrated in the numerical examples in Section V.
We stress that is a distinct factor in the field divergence of CE-ADI-FDTD, compared to ADI-FDTD. As mentioned, setting in (30) leads to the field divergence in conventional ADI-FDTD [10] . In Fig. 1 , we plot in dB scale the dependency of the spurious field divergence on the Courant number CN and fractional bandwidth FBW by calculating in free space . Here, and , where is speed of light in free space and is the spatial grid size. The field divergence is proportional to the bandwidth and also to the time step size.
According to (30), the spurious charges are larger at regions with sharp field distributions (i.e., large ). Although both ADI-FDTD and CE-ADI-FDTD produce spurious charges, their nature is fundamentally different. Spurious charges in ADI-FDTD are truly static. On the other hand, spurious charges in CE-ADI-FDTD are inherently time-harmonic and hence produce secondary radiation. This difference will be illustrated in Section V.
IV. ANOMALOUS-WAVE PROPAGATION
To investigate anomalous-wave propagation in CE-ADI-FDTD, we consider a plane wave along a 3-D diagonal grid direction on a grid with in free space. We define the normalized wavenumber and the normalized frequency as and , respectively. Note that is the wavenumber for the actual frequency [14] , [17] . We consider two different mesh resolutions (points per free-space wavelength, , where is free-space wavelength corresponding to the carrier frequency) at a fixed carrier frequency. Fig. 2 shows the dispersion relation of CE-ADI-FDTD with at a carrier frequency. We also plot the dispersion relation of ADI-FDTD, where with being the actual frequency. Negative group-velocity modes with positive phase velocities may exist for large CNs. The dispersion relation of CE-ADI-FDTD is similar to that of ADI-FDTD at low wavenumbers, but starts to deviate for large CNs. Fig. 3 shows the dispersion relation of CE-ADI-FDTD with at the carrier frequency, where it is observed that the dispersion of CE-ADI-FDTD deviates from that of ADI-FDTD at high wavenumbers. We observe that anomalous-wave propagation modes are supported for . Hence, anomalous-wave propagation modes are not supported in 1-D or 2-D. In addition, for 3-D problems, anomalous-wave propagation modes are supported only when the numerical wavenumber vector has non-zero components in all three directions. To illustrate this point, we plot the dispersion relation for a 3-D problem with propagation direction , in Fig. 4 . As can be seen from this figure, anomalous-wave propagation modes do not exist in this case.
V. EXAMPLES
In this section, we illustrate the effect of spurious charges in CE-ADI-FDTD and ADI-FDTD, stressing their differences. We simulate the radiation of -directed magnetic current source in a 2-D free-space problem. A Gaussian pulse modulated by a sine-wave located at the center of the computational domain is used as time-domain excitation, with symmetric source implementation in two sub-steps [23] . Alternatively, a concise source implementation can be employed only in the first sub-step [24] . The computational domain has 1000 1000 cells and is terminated by perfect magnetic conductor walls. The carrier frequency is and the space step size is (corresponding to at ). A half-power bandwidth is used unless specified otherwise. Therefore, the waveform of the excitation pulse is , where . In this 2-D problem, . Since the fields change sharply near the source, large spurious charges are expected to be produced in the near-field.
Figs. 5 and 6 show snapshots of in ADI-FDTD simulations with and respectively. The non-divergence free behavior of the field is clearly observed near the excitation. As CN increases, the spurious charges also increase. and from the distributed spurious (static) charges. Note that the amplitude scales in Fig. 7(c) and (d) are not the same as in Fig. 7(a) and (b) , for visibility purposes. Fig. 8 shows another ADI-FDTD simulation with , where and are interchanged. In this case, the spurious charges are distributed along the axis. For 2-D problems, field is directly related to the splitting error in Fig. 7  while field is directly related to the splitting error in Fig. 8 , which explains the difference in the distribution of spurious charges. The case is shown in Fig. 9 , where less spurious charges are produced compared to the case. Next, we illustrate the non-divergence free nature of CE-ADI-FDTD. The Gaussian pulse without a sine-wave modulation is excited for CE-ADI-FDTD simulations. Figs. 10  and 11 show snapshots of in the CE-ADI-FDTD simulations with and respectively. Similar to ADI-FDTD, spurious charges are produced by sharp field variations near the excitation (near-field) and also increase as CN increases. For same CN, CE-ADI-FDTD produces, at early times, less spurious charges near the excitation than ADI-FDTD. This is because the additional factor in CE-ADI-FDTD is less than one in this case.
Figs. 12 and 13 show snapshots of and in CE-ADI-FDTD with for -associated splitting error and -associated splitting error, respectively. The CE-ADI-FDTD simulation with is also shown in 
VI. FIXED-POINT ITERATIVE CORRECTION
The splitting error in (CE) ADI-FDTD that contributes to the numerical artifacts discussed above can be mitigated by employing an iterative fixed-point correction [4] , [25] . As a result, the incorporation of such iterative correction into (CE) ADI-FDTD leads to a reduction in the spurious charges. To demonstrate that, we introduce a figure of merit to measure the global amount of field divergence in the computational domain. Since varies in both space and time, we consider the (time and space) average in a square domain of size centered around the source position (where is larger) and for the entire simulation time window, as follows (31) Fig. 15 shows the effect of the iterative correction on in dB scale. As the number of iterations increases, decreases. The iterative correction is particularly effective for the CE-ADI-FDTD case with . For this case, spurious charges are initially produced so small that they spread over relatively small computational domain. Therefore, in the CE-ADI-FDTD case with can be drastically decreased by the iteration correction procedure, compared to other cases.
Finally, we illustrate the dependency of on the HPBW of the excitation pulse in Fig. 16 . In conventional ADI-FDTD, spurious charge production does not depend on the HPBW. However, for CE-ADI-FDTD, spurious charges decrease as the bandwidth decreases. Furthermore, the effect of the HPBW on becomes more pronounced as CN decreases. We note that the iterative fixed-point correction may lead to instability for general 3-D problems [4] , [25] .
VII. SUMMARY AND CONCLUSION
In this paper, we have illustrated that CE-ADI-FDTD supports spurious charges and anomalous-wave propagation modes, akin to conventional ADI-FDTD. These characteristics are ascribed to the splitting error. Note that spurious charges affect only 2-D and 3-D simulations. They do not affect 1-D (CE) ADI-FDTD simulations because there is no splitting error in that case. Anomalous-wave propagation modes are not supported in 1-D or 2-D. For 3-D problems, anomalous-wave propagation modes are supported only when the numerical wavenumber vector has non-zero components in all three directions.
We have stressed that the non-divergence free nature of CE-ADI-FDTD is fundamentally different from that of ADI-FDTD because spurious charges are implicitly dynamic in CE-ADI-FDTD but static in ADI-FDTD. As a result, the spurious charges in CE-ADI-FDTD behave as secondary radiating sources. We have shown that a fixed-point iterative correction procedure can be used to reduce the spurious charges in the computational domain in both CE-ADI-FDTD and conventional ADI-FDTD simulations.
